Calculation of the cross-section for the process of double electron capture by bare nucleus with emission of a single photon is presented. The double electron capture is evaluated within the framework of Quantum Electrodynamics (QED). Line-Profile Approach (LPA) is employed. Since the radiative double electron capture is governed by the electron correlation, corrections to the interelectron interaction were calculated with high accuracy, partly to all orders of the perturbation theory.
I. INTRODUCTION
The processes of electron capture are under intensive investigation of the experimentalists and theoreticians during the last decades. Still there are some disagreements between the experimental and theoretical results.
One of the observed processes is the process of Radiative Electron Capture (REC) accompanied by the emission of one photon. There are many experimental data available [1, 2] . REC is the dominant electron-capture channel in fast collisions of heavy ions with light target atoms. This process does not depend strongly on the interelectron interaction.
Interelectron interaction becomes important in the process of the capture of two electrons.
There are two different types of the processes with the capture of two electrons by the Highly Charged Ions(HCI): Double Radiative Electron Capture (DREC) and Radiative Double Electron Capture (RDEC). DREC is a two-step process in which two uncorrelated electrons are captured in one collision and two photons are emitted. RDEC is a one-step process where the momentum and the energy of two correlated captured electrons are converted into energy and momentum of one emitted photon. The processes of double electron capture were investigated experimentally in [3] [4] [5] [6] and theoretically in [7] [8] [9] [10] .
In experiments [3] [4] [5] [6] RDEC was organized as a process where two free (or quasifree) target electrons are captured into a bound state of the projectile, e.g., into empty K-shell of an ion, and the energy emerges with only one photon. This process can be treated as the inverse process to the double photoionization. But in RDEC unlike the photoionization the bare nuclei should be used. The RDEC is a convenient tool to investigate the electron-electron interaction in the processes of the ion-atom collisions.
The first RDEC experiment [3] was performed with 11.4 MeV/u Ar 18+ ions hitting a carbon foil at the UNILAC in GSI in 1994. To obtain as much as possible high rate of double capture in one collision, solid carbon target was chosen. In this experiment the probability of the RDEC process is very small. Experimental data give only the upper limit of the value of the cross-section of the process: about 5.2 mb.
Another RDEC experiment [5] was performed at the heavy ion storage ring (ESR) in GSI. Bare U 92+ ions with the energy of 297 MeV/u have been used in collisions with gas of Ar atoms. From the data obtained in this experiment we can only conclude that the value of the cross-section is also very small: less than 10 mb. The upper limit of RDEC process was estimated to be significantly lower than measured previously [4] .
Recent experiment [6] with 38 MeV O 8+ ions shows that there is some discrepancy between the experimental data and theoretical prediction. In this experiment ions of the oxygen O 8+ move trough the thin carbon foil.
The RDEC process was investigated theoretically in [7] [8] [9] [10] . In these works the calculations were performed within the nonrelativistic theory.
The process of double electron capture is governed by the interelectron interaction. We investigate radiative double electron capture (RDEC) by a bare nucleus followed by emission of a single photon 2e − (ǫ) + X (Z)+ → X (Z−2)+ (1s1s) + γ(ω) .
The initial state is presented by two incident electrons 2e − with the same energies ǫ and a bare atomic nucleus X (Z)+ with the charge Z.
The final state is given by two-electron ion in the ground state X (Z−2)+ (1s1s) and a single photon γ(ω). We concern only radiation of one photon, first, because in the experiment [6] one photon is registered, and second, since the radiation of one photon gives the major contribution to the value of cross-section of the process.
We consider a scenario where the momenta of the incident electrons are the same for the both electrons. This scenario corresponds to the experimental situation [3, 5, 6] . The results of our calculations are compared with available experimental and theoretical data.
II. APPLICATION OF THE LINE-PROFILE APPROACH
The double electron capture is a nonresonant process. However for its description we will apply the LPA first developed for the resonant processes. The LPA appeared to be a convenient tool for the description of the nonresonant processes as well.
Within the framework of quantum electrodynamics (QED) atomic electrons are interacting with the quantized electromagnetic field and with the quantum vacuum [11] . Accordingly, the set of electrons (together with the atomic nucleus) is not a conservative system, and the concept of the energy for this system needs to be carefully treated. Within the LPA [12] the energy levels are associated with resonances in the natural line-profile for the process of resonant photon scattering. In order to keep the characteristics of the energy levels independent on the particular features of the process of scattering, the resonance approximation is employed. The resonance approximation consists of description of resonance area of the natural line-profile by the Lorentz contour which is characterized by two parameters: position of the resonance and its width. The energy levels are connected with the corresponding resonances. The energy and width of an energy level are determined by position of the resonance and its width within the resonance approximation.
The amplitude of the process of photon scattering (the initial and final states are assumed to be the ground state) can be presented as a matrix element of a special operator [12, 13] .
This operator can be constructed with employment of the QED perturbation theory. In general, this operator depends on the photon frequency (ω) and can be considered as a complex symmetric matrix (in some basis set) or as a quadratic form reducible to a diagonal form. Within the resonance approximation the eigenvalues of this matrix determine the positions of resonances and their widths. The eigenvectors of this matrix are used for calculation of the transition probabilities. If we consider the probability of a particular transition between two energy levels, we need to calculate the amplitude of this process.
The amplitude is derived as a matrix element of the photon emission (absorption) operator (also constructed with employment of the QED perturbation theory) calculated on the eigenvectors corresponding to the initial and final states. Application of the LPA to the evaluation of energies and transition probabilities is presented in detail in [12] [13] [14] . We note that the technique developed in [12] [13] [14] can be used only for the bound electrons.
The aim of the present work is the evaluation of the cross-section for electron capture.
This process can be considered as a transition
where the initial state (I) in case of REC process corresponds to the two electrons: a bound 1s-electron and an incident electron, i.e., continuum electron. The final state (F )
is represented by two bound electrons in the j-j coupling scheme configuration. In case of RDEC the initial state corresponds to the two continuum electrons and the final state is the same. Since the initial state contains continuum electrons, the LPA can not be applied directly to these processes. However, we can introduce an auxiliary bound electron system which properties are explicitly related to the properties of original system.
We can consider the highly charged ion being confined within a sphere of a large radius R. Then, all the energy spectrum becomes discrete. If the radius of the sphere is large, the wave function of election confined within the sphere (spherical box) and the wave function of electron (with the same energy) not confined within the sphere almost coincide. Let the electrons have the energy ǫ > m e c 2 . Eigenvectors of the Dirac equation for the point nucleus are well known [11] . The asymptotics (r → ∞) of the Dirac wave function for the electron in continuum reads
where |C g | = |C f | = 1 and φ g (r), φ f (r) are the functions smoothly depending on r = |r|, ν r = r/r. The energy (ǫ) and momentum (p) of the electron are connected as
where m e is the electron mass, c is the speed of light. The continuum electron function is normalized to the energy delta function. For the large radius R and coordinate r the electron wave function for the ion enclosed within a box is given by its asymptotic: Eqs. 
The equations in this Section should be understood in the asymptotic sense, i.e., the equations are correct up to the terms disappearing when R → ∞.
The wave function of electron confined within the sphere of radius R can be written as [11] ψ e R (r) = 1 N e R ψ e (r) θ(R − |r|) ,
where ψ e (r) is given by Eq. (3),
is a normalization factor ((ψ e R (r) is normalized to unity), θ(R − |r|) is the Heaviside step function. The normalization factor N e R is considered in detail in Appendix A (see Eq. (A5)).
Note, that the function ψ e R (r) goes to zero at any r when R → ∞ as
At a fixed radius R the function ψ e R (r) describes a discrete energy level. Technically, we can consider a resonance corresponding to this level. So, the LPA can be applied to any energy level of the HCI confined within a sphere of a finite radius.
Reasoning by analogy with the system not confined within a sphere, i.e., with a system which has a continuous part of energy spectrum [11] , instead of consideration of a single energy level (e R ), we have to consider all the energy levels within some interval δǫ
The number of levels within this interval is proportional to 1/R (see Eq. (6)). The integration over an interval [ǫ 1 , ǫ 2 ] in the continuous spectrum is equivalent to the summation over all the states (n) with the energy (ǫ n ) from the interval [ǫ 1 , ǫ 2 ] in the discrete spectrum (if the ion is enclosed within a sphere of radius R):
where function F represents some physical property (e.g., cross-section). If the radius R goes to infinity, the number of discrete states in the energy interval [ǫ 1 , ǫ 2 ] goes to infinity and the width of the energy interval containing only one state goes to zero. Accordingly, if δǫ → ∆ǫ, we can write
where ǫ n = ǫ is the only discrete state inside the energy interval ∆ǫ. Thus, the transformation from the continuous to discrete spectrum results in the substitution of the continuous spectrum wave function ψ e by the function ψ e R and in an additional factor 1/∆ǫ = (N e R ) 2 to the function F (cross-section), where ∆ǫ is the distance between the nearest energy levels.
We conclude that the LPA can be generalized to the case of continuum electrons in the initial or final states. We can introduce an artificial bound electron state e R described by the wave function ψ e R . The energies and the angular quantum numbers of the continuum electron state ψ e and the bound electron state ψ e R are equal. If there is one continuum electron in the initial or final states, the amplitude calculated with functions ψ e and the amplitude calculated with functions ψ e R are related like [15] 
If there are two continuum electron in the initial or final states, the amplitudes are related
where N e iR is the normalization constant for the corresponding electron given by Eq. (7).
In this paper we will consider electrons with equal energies, accordingly, we can set N e R ≡ N e 1R = N e 2R . We note, that the limit R → ∞ is equivalent to limit N ǫ R → ∞.
So, we can generalize the LPA for calculation of the amplitude of the process of the electron capture. We employ the artificial bound electron states e R defined by Eq. (7) and apply the LPA for calculation of the transition amplitude (U R ), i.e., for the system where the continuum electrons are substituted by the bound electrons e R . The amplitude of the electron capture is given by Eq. (12) (if there is one continuum electron) or by Eq. (13) (if there are two continuum electrons). The limit R → ∞ can be evaluated numerically.
III. TWO-ELECTRON WAVE FUNCTIONS
The incident electron can be characterized by momentum (p) and polarization or spin projection (µ), and described by wave function ψ pµ (r). The energy (ǫ), momentum and electron mass (m e ) are connected as ǫ = p 2 + m 2 e , where p = |p|. It is also convenient to introduce the electron wave vector ν p = p/|p|. The wave function of incident electron is normalized like
where the set (p, θ, φ) represents the vector p in spherical coordinates. This normalization corresponds to one particle per unit volume.
The wave function of the incident electron (ψ pµ ) can be expanded in the complete set of wave functions (ψ εjlm ) with the certain energy (ε), total angular momentum (j), parity (l) and projection of the total angular momentum (m) [11] ψ pµ (r) = dε jlm a pµ,εjlm ψ εjlm (r) .
Introducing the scalar product
where Ω jlm (ν p ) is the spherical spinor [16] and v µ (ν p ) is the unit spinor function, the scalar products a pµ,ǫ ′ jlm can be presented in the form
The phase ϕ εjl is determined by the field of the nucleus [11] . The functions ψ εjlm (r) are normalized like
The wave function describing two incident electrons with the certain momenta and polarizations can be written as
We suppose that the initial state of the system is given by two incident electrons with the equal momenta (p) and the opposite polarizations (µ 1 = −µ 2 ). Accordingly, the wave function of the initial state is
IV. CROSS-SECTION
The amplitude of the process of electron capture (U if ) is defined via S-matrix [11]
where E i , E f are the energies of the initial and final states of the system. Then, the transition probability is given by [17] 
where E i , E f are the initial and final energies of the whole system. The factor 1/V 2 corresponds to the densities of the incident electrons, V is the reaction volume. The wave functions of the incident electrons are normalized by the condition: one particle per unit volume. The factor dk/(2π) 3 gives the number of photon states with certain polarization and momentum within an interval dk per unit volume: dk/(n ph (2π) 3 ), n ph is the photon density. The emitted photon is described by momentum (k), frequency (ω = |k|) and polarization (λ). Normalization of the photon wave function (A = (A 0 , A)), corresponding to one particle per unit volume, is
Accordingly, the photon density (n ph ) is set equal to unity.
Cross-section is connected with the transition probability (23) as [11] 
where j is the current of the incident electrons. This current is defined as j = n e v, where n e = 1/V and v = p/ǫ are the density and velocity of the incident electrons, respectively, in the rest system of the nucleus.
In the experiments [3] [4] [5] [6] the RDEC is considered as a process where a bare nucleus goes through target atoms and captures two electrons with emission of one photon. In our theoretical model this process is considered in the rest frame of the bare nucleus. Accordingly, the incident electrons are located in the target atom. The reaction volume for one incident electron is
where V T is the reaction volume the target atom, Z T is the number of electrons in the target atom. We introduce the reaction volume V ; within this volume the incident electron interacts with the nucleus. If the system is enclosed into sphere of a large radius R, then the reaction volume for the target atom (see Fig. 1 ) is represented by cylinder which crosssection area is S T = πR 2 T (R T is the target atom radius) and the length is equal to 2R: V T = 2RS T . The reaction volume for one incident electron is
where S is the area of the cross-section of the reaction volume for one incident elctron:
The volume V can be expressed via the normalization constant N e R (see Eq.
Here, we took into account that the incident electrons have the same energy, and therefore their normalization constants (N e R ) are equal.
In this work we calculate the total cross-section of the electron recombination, what means the integration over the directions of the emitted photon (ν k ) and summation over the photon polarization (λ). Then, we suppose that the incident electrons have the same momentum (ν p ), hence, we can also average over the electron momentum direction (ν p ).
It is convenient to make a decomposition Eq. (16) of the continuum electron wave function with certain momentum (p) and polarization (µ) over the electron wave functions with certain energy (ε), total angular momentum (j), parity (l) and projection of the total angular momentum (m). The initial state (two incident electrons) is decomposed over the twoelectron functions in the j-j coupling scheme.
Accordingly, the cross-section can be written down as [15] σ if = lim
where the photon frequency (ω) is defined by the energy conservation law. The factor ǫ/p in the square brackets comes from the current of the incident electrons. The factor 1/4π
represents the average over the direction of the momentum of the incident electrons (ν p ); we suppose that the momenta of the incident electrons are equal. The factor N 4 ǫ R , according to Eq. (13) , shows that in the amplitude the one-electron wave functions (ψ ǫ R jlm ) are normalized to unity (see Eq. (7)). The last factor in the square brackets is the contribution of the volume given by Eq. (28). The first subindex (i) of the amplitude represents the initial state Eq. (21) . The other sub-indices represent the final state: the sub-indices kλ describe the emitted photon, the subindex s = (J s M s n s 1 j s 1 l s 1 n s 2 j s 2 l s 2 ) corresponds to the two-electron configuration in the j-j coupling scheme
where C j 1 j 2 JM (m 1 , m 2 ) are the Clebsch-Gordan coefficients. The normalization constant N is equal to 1/ √ 2 for nonequivalent electrons and to 1/2 for equivalent electrons.
Expansion of the one-electron wave function with certain momentum and polarization over the wave functions with certain total angular momentum and parity (see Eqs. (16), (18)) and integration over the direction of the momentum of the incident electrons yield
where coefficients
The last factor in the square brackets in Eq. (31) comes from the expansion of the one-electron wave function over the wave functions with certain momentum and polarization (see Appendix B). The matrix element of the recombination amplitude is calculated with two two-electron wave functions:
for the initial state and s for the final state.
V. CALCULATION OF THE AMPLITUDE
Following the notations employed in [12] , we introduce the photon emission matrix ele-
and the one-photon exchange matrix elements
The indices u i , d i designate one-electron Dirac states, Dirac matrices γ µ i i act on the oneelectron functions ψ d i (r i ), respectively. The photon wave function A (k,λ) is defined by Eq.
(24). Function I µ 1 µ 2 (Ω, r 12 ) looks like
if Coulomb gauge is employed, or
if Feynman gauge is employed. Tensor g µ 1 µ 2 is the metric tensor; δ µ 1 µ 2 is the Kronecker delta; r 12 = |r 1 − r 2 |. Repeated indices imply summation.
The amplitudes presented in Eq. (31) are defined by Feynman graphs depicted in Fig. 2 .
These amplitudes are proportional to the following expressions
Here, ξ i corresponds the contributions of the left (i = 1) and the right (i = 2) graphs in If we consider an ion enclosed within a sphere of radius R, then for the states corresponding to the continuum we can write (see Eqs. (6), (9))
where ∆ǫ is the distance between two closest energy levels. The asymptotics (R → ∞) of the matrix elements A ud and I u 1 u 2 d 1 d 2 are investigated in Appendix A. Here, we will investigate the behavior of the terms ξ i (i = 1, 2) with various values of the intermediate electron state
If n belongs to the discrete part of the spectrum, the terms ξ i,n contain two wave functions of electrons from the continuous part of the spectrum: d 1 and d 2 states. Employing Eqs.
(A18), (A11) for ξ 1,n and Eqs. (A9), (A19) for ξ 2,n we can write
The denominators in Eqs. (37), (38) do not contain any smallness in this case.
If n belongs to the continuous part, then in general case
Formulas (A19), (A11) and (A10), (A20) are used for ξ 1,n and ξ 2,n , respectively. The denom- 
The denominator in Eq. (37) does not contain any smallness. For description of the two other cases it is convenient to introduce a continuum electronẽ with the energy ǫẽ = ǫ e + ǫ e − ǫ 1s .
The second special case is when the energy of the intermediate state n is equal to the energy of the electronẽ (ε n = ǫẽ), then ξ 1,n → ∞. Here, the energy of the intermediate two-electron state (ε 1s + ε n ) is equal to the energy of the initial two-electron state (ǫ e + ǫ e ). The last case is when ε n ≈ ǫẽ. If ε n is the next state to ǫẽ (i.e., ε n = ǫẽ ± ∆ǫ), then
Here, formulas (A19), (A11) are used for A u 2 n and I u 1 nd 1 d 2 , respectively. The denominator in Eq. (37) is set to ∆ǫ given by Eq. (6). Consider contribution of the states contained in the interval (ǫẽ, ǫẽ + δǫ], where δǫ is a small finite value which does not depend on R.
The number (K ≈ δǫ/∆ǫ) of intervals ∆ǫ composing the interval δǫ is proportional to R.
Accordingly, we get
Note, that the terms given by Eqs. (40)- (42), (44), (45) is not applicable. However, the two-electron configuration (e R , e R ) J representing the initial state and the two-electron configuration (1s, ε n ) J , where J is the total angular momentum, can be considered as quasidegenerate ones.
We have introduced the artificial electron state (ẽ) by the condition: ǫẽ +ǫ 1s = ǫ e +ǫ e . The subindex R atẽ R indicates that the corresponding wave function is normalized to unity over the sphere of radius R. The configuration (1s,ẽ R ) J has the same energy as the configuration (e R , e R ) J . The contribution of these configurations can be calculated within the framework of the LPA. The configurations (1s,ẽ R ) J and (e R , e R ) J are considered as quasidegenerate ones.
Within the LPA [12] we compose the matrix V
The matrix V (0) is a diagonal matrix and it includes the one-electron Dirac energies corresponding to a certain configuration. The matrix ∆V includes the one-photon exchange corrections as well as other corrections which can be omitted here. The matrix V can be written in a block form
where the block V 11 contains matrix elements constructed on the configurations mixing with the reference state (the initial or final state). The mixing configurations define the set g.
The block V 22 contains matrix elements calculated with all the other configurations, the blocks ∆V 12 , ∆V 21 contains matrix elements constructed on one configuration from the set g and one not included in the set g.
Consider the set g including only two configurations (1s,ẽ R ) J and (e R , e R ) J given by the two-electron wave functions of the noninteracting electrons in the j-j coupling scheme
, respectively), where J is the total angular momentum. Then, the block matrix V 11 is 2 × 2 matrix
Note, that the matrix ∆V is composed by one-photon exchange matrix elements which include continuum electron wave functions, therefore, they vanish when R → ∞. Accordingly, (V 11 ) 11 = (V 11 ) 22 and (∆V 11 ) 12 = (∆V 11 ) 21 → 0, when R → ∞. The eigenvectors of the matrix V 11 are
The eigenvectors (Φ) of the operatorV (represented by the matrix V ) can be constructed with employment of the perturbation theory [12] . In the zeroth order of the perturbation theory, the eigenvectors (Φ (e R ,e R ) J and Φ (1s,ẽ R ) J ) are combinations of the two-electron wave functions of the noninteracting electron in the j-j coupling scheme (Ψ
The factor η = ±1 defines which eigenvector corresponds to (e R , e R ) J configuration. It can be determined by the sign of the mixing element (∆V 11 ) 12 .
The wave function Ψ . Note that the admixture of the (1s,ẽ R ) J configuration to the (e R , e R ) J configuration leads to a growth of the amplitude with factor N ǫ R . This growth is compensated by the additional factor 1/V in the transition probability for the RDEC process (see Eqs. (23) and (28)).
We can conclude that, if we take into account the interelectron interaction (the onephoton exchange corrections in all orders of the perturbation theory) between the 1s, e R andẽ R electron states, the amplitudes of the processes e + e → (1s1s) + γ(ω) and 1s +ẽ → (1s1s) + γ(ω)
are connected as
This equation is valid up to the terms disappearing when N ǫ R → ∞.
VI. NUMERICAL METHODS
The Dirac spectrum is constructed in our work in terms of B-splines [18, 19] . The ion is placed into a spherical box with the radius R B = 70/(αZ) (in the relativistic units),
where Z is the nuclear charge and α is the fine-structure constant. The B-splines used in our calculations are of the order 8 and we employed the grid with 60 nonzero knots. The generated electron spectrum is discrete and finite.
The eigenvector and the corresponding eigenvalue (i.e., energy), which is the closest to the energy of the continuum electron (ǫẽ), is replaced by the wave function of the electron confined within the spherical box of radius R (Eq. (7)), and by the energy ǫẽ, respectively.
The electron states of the generated spectrum, which are close to the substituted electron state (e n ), are designated as e n−1 and e n+1 . Extension of the number of the knots and the size of the box reduces the effect of the substitution of the continuum electron state (ǫẽ) by the e n state. After some variations and tests with different conditions (the number of knots and the number of states when we sum over Dirac spectrum) we choose the number of knots and the size of the box to be large enough not to influence the accuracy of the computing.
In the present paper we consider the RDEC to the ground state (1s1s) and to the low lying single excited states (the KL-shell). The contribution of the KL-shell states is determined by contribution of the (1s2s) 0 configuration. The contribution of the other states does not exceed 1% of the total cross-section. We also consider only the main channel of the RDEC:
capture with emission of the electric photons with J = 1.
The LPA [12, 15] is employed for calculation of the amplitude of the RDEC. In the framework of the LPA we fix a set of electron states and construct a set g of all possible twoelectron configurations in the j-j coupling scheme built on this set of electron states. We introduce ns, np-electron states as the electron states in the B-spline approximation which energy is closest to the energy of the continuum electron state ǫẽ. The electrons included into the set g are 1s, 2s, 2p, ns, np, (n ± 1)s, (n ± 1)p-electron states. The (n ± 1)s, (n ± 1)p are electron states in the B-spline approximation next to the ns, np-electron states.
In the numerical calculations we construct the matrix V in a special way to include the contribution of the mixing configurations [12, 15] . The matrix V is calculated with application of the QED perturbation theory
In physical sense the ω is the frequency of the scattered photon and the matrix V depends on the value of the ω. The matrix V (0) is composed with one-electron Dirac energies corresponding to a certain configuration. The matrix V (1) (ω) includes the first order QED corrections, such as self-energy (SE) and vacuum polarization (VP) corrections and onephoton exchange corrections. In our work the matrix V (ω) contains only V (0) and V (1) (ω), the last one includes only one-photon exchange corrections:
(see Eq. (33)). Within the framework of the LPA the contribution of the one-photon exchange correction is taken into account to all orders of the perturbation theory for the configurations from the set g.
The amplitude of the transition from the initial state I to the final state F with emission of one photon with the frequency ω 0 can be written as [12] 
where Ξ(ω 0 ) is operator of emission of the photon, Φ I and Φ F are the eigenvectors of the matrix V (ω) corresponding to the I and F states, respectively. The operator Ξ(ω 0 ) is evaluated with employment of the QED perturbation theory (see [12, 15] ). In zero order approximation this operator coincides with the photon emission operator (A (k 0 ,λ 0 ) * ). In this work we consider only the one-photon exchange corrections to the operator Ξ. According to [15] , it reads
The zero-order matrix element is
where
are the matrix elements of the emission operator which includes the photon wave function Eq. (24).
It is convenient to write the matrix V in a block form
where the block V 11 is composed entirely with the states from the set g and the block V 22
does not contain states from the set g. The blocks V 12 and V 21 are constructed with one configuration from the set g and with another one not included in the set g.
The matrix V 11 can be diagonalized numerically (non-perturbatively)
where B is an orthogonal matrix, B t is the transposed matrix. Since in general V is a complex symmetric matrix, the matrix B is a complex orthogonal matrix
where I is a unit matrix (I ij = δ ij ) of the appropriate dimension.
The eigenvector of the matrix V can be written as [12] .
where E ng are the eigenvalues of the matrix V 11 and E The cross-section is given by Eq. (31), where the amplitude U enters as its squared absolute value. Employing Eq. (61), the amplitude U can be presented as U = U (0) + U (1) + . . .. Accordingly, the squared absolute value of U can be written as
The last term corresponds to the second order corrections and, in principle, can be omitted. Still we prefer to keep it. We consider the contribution of this term as an estimate of magnitude of the higher order corrections.
To compare our results with experiment we use in our calculation the model of two electrons which are moving along the same direction with equal momentum.
The calculation was performed with different gauges for the exchange-photon (the Coulomb and Feynman gauges) and emitted photons (the transverse and nontransverse gauges [12] ). A small deviation of the gauge invariance took place. It is explained by the fact that the set of Feynman graphs that we take into account is not gauge invariant beyond the lowest QED PT order. The magnitude of the deviation is determined by the magnitude of the higher order corrections.
VII. RESULTS AND DISCUSSION
In our work we calculate the cross-section for double electron capture by a bare nucleus followed by emission of the photon. We calculate the cross-section for three different experiments and present our results in Tables III-VII In Tables I, II we 
First, we consider the case of the RDEC process when the ion of oxygen with the energy 38 MeV is hitting a carbon foil. The density of the carbon foil is of the order of 10 17 particles/cm 2 . The results of our calculation for the RDEC process O 8+ +C we present in the Tables III, IV, V. In Table III we present the data for the RDEC process to the ground state. The first column presents the experimental value of the cross-section, the second gives the results of the nonrelativistic calculation [9] . The last two columns present our results.
Data for the cross-section of the RDEC process to the (1s2s) state are given in Table IV .
The RDEC to the (1s2s) determine actually the contribution of the RDEC to the all single excited states of the KL-shell since the contribution of the states higher than (1s2s) are quite small. The total cross-section of the RDEC for oxygen (σ RDEC = σ RDEC (1s1s) + σ RDEC (1s2s) ) is presented in Table V . The experiment of the RDEC in collisions of O 8+ ions with carbon was reported in [6] , though the most detailed description of the experiment is presented in [20] . We note that the the experimental data [20] for the separate contributions of the (1s1s) and (1s2s) configurations were defined with the use of the calculations [7, 9] . It explains good agreement between the ratio of these contributions defined in [20] and in [7, 9] .
The RDEC experiment for argon was performed with 11.4 MeV/u Ar 18+ ions hitting a carbon foil at the UNILAC in GSI in 1994 [3] . The thickness of the target was 4-10 µg/cm 2 .
In this experiment the probability of the RDEC process is very small. Experimental data
give only the upper limit of the value of the cross-section of the process: about 5.2 mb. The results of the calculations for RDEC process Ar 18+ +C are presented in the Table VI. The RDEC experiment for uranium was performed at the heavy ion storage ring (ESR)
in GSI [5] . Bare U 92+ ions with the energy of 297 MeV/u have been used in collisions with gas of Ar atoms. The density of the gaseous Ar-target was 5 × 10 12 particles/cm 2 . The data obtained in this experiment provide only the upper limit of the cross-section: less than 10 mb. The upper limit of RDEC process was estimated to be significantly lower than measured previously [4] . The results of the calculations for RDEC process U 92+ +Ar are presented at the Table VII. Comparison of the results for the RDEC cross-section reveals disagreement between the experimental and theoretical data. The disagreement between the experimental data and our results can be explained by the model, which we employed for description of the target used in the experiments [3, 4, 6] . This model is rather rough. In the experiments the captured electrons are initially the bound electrons of atoms of either carbon foil [3, 6] or argon gas [4] . In our model the incident electrons are considered as Dirac continuum electrons. In particular, we do not take into account the bound energy of the target electrons. We also suppose that the electron density in the target atoms is homogeneous. The disregard of the bound energy should exaggerates the results. The assumption that the electrons in the target atom are distributed homogeneously should also change the results, however, it is difficult to estimate its influence.
The disagreement between the theoretical results obtained in [9] and our results is not clear. In principle, the models employed for description of the target electrons are rather similar. The work [9] presents nonrelativistc calculation, while our one is fully relativistic.
However the relativistic effects can not explain the present disagreement. We note that the volume of reaction (where the incident electrons interact with the bare nucleus) is defined different in these calculations. In our calculation the reaction volume is a cylinder (see Fig.   1 ), while in work [9] the reaction volume is a sphere of radius R T , where R T is the radius of the target atom in its rest frame. We also note that the ratios between the cross-sections of the RDEC to the ground state (1s1s) and to the KL-shell (1s2s) (see Tables III, IV) obtained in these calculations are different. According to our calculation the total RDEC cross-section is determined by the RDEC to the ground state, while the results of [7, 9] predict that the main contribution to the RDEC is given by the capture to the excited states.
The model of quasifree electrons employed in this calculation is rather rough for description of the experiments [3, 6] , where relatively light bare nuclear (Z = 8, 18) move trough carbon foil (Z = 6). Experiments where the target atoms are much lighter than the bare nucleus (e.g., experiment [4] ) are preferable. This model would be also good for description of experiments with electron beams. The small relative velocity between the bare nucleus and electrons and the presence of the magnetic field could enlarge the cross-section [21] .
electrons to unity over a sphere of radius R the normalization integral reads
Employing Eqs. (3)- (5) and performing integration over the angular variables (ν r ) we get
The first term of the integrand does not depend on R, its contribution is proportional to R. The last two terms contain the sine and cosine functions, the absolute value of their contribution does not exceed a value not dependent on R. So, we can write
Accordingly, the wave function of the continuum electron normalized to the Dirac delta function and the one normalized to unity over the sphere of radius R are connected by Eqs.
(7), (8) .
Consider the asymptotics (R → ∞) of the one-photon exchange matrix elements
given by Eq. (33). For this purpose we can restrict ourselves by the Coulomb part of the function I µ 1 µ 2 (Ω, r 12 ), which looks like
It is convenient to employ the decomposition
where r < = min(r 1 , r 2 ), r > = max(r 1 , r 2 ), P k (x) is the Legendre polynomial, ν r 1 ν r 2 is the scalar product of vectors ν r i = r i /r i (i = 1, 2). For investigation of the asymptotics we can also retain only the term with k = 0 in the decomposition Eq. (A7). So, we get
We assume that all the electron wave functions are normalized to unity over the sphere of radius R. Accordingly, every continuum electron wave function has got a normalization factor 1/N ǫ R and it is proportional to 1/ √ R (see Eq. (9)). We will investigate the asymptotics (R → ∞) of the matrix element Eq. (A8) for various electron states n.
At first we will suppose that the electron states u 1 , u 2 correspond to bound electrons (e.g., 1s-electron state), the electron state d 1 (we will designate it as n) can be any state of the Dirac spectrum, the electron state d 2 describes a continuum electron. If the electron state n corresponds to a bound electron, then there is only one continuum electron (d 2 ) containing factor 1/ √ R in the matrix element. Accordingly, we get
If the electron state n corresponds to a continuum electron, then there are two continuum electron (n and d 2 ) containing factor 1/ √ R in the matrix element
Now, we will suppose that the electron states d 1 , d 2 correspond to continuum electrons with the same energies equal to ǫ, the electron state u 1 corresponds to a bound electron (e.g., 1s-electron state), the electron state u 2 (we will designate it as n) can be any state of the Dirac spectrum. If the electron state n corresponds to a bound electron, then there are only two continuum electrons (d 1 and d 2 ) containing factor 1/ √ R in the matrix element.
If the electron state n corresponds to a continuum electron (different from the electron d 2 ), then there are three continuum electrons (d 1 , d 2 and n) in the matrix element. It yields
We have to select a special case when the electron state n coincides with electron d 2 . The matrix element I u 1 nd 1 d 2 can be written as
If the wave function ψ n is equal to ψ d 2 , then the last term in the square brackets is
where the asymptotics of the g d 2 and f d 2 functions are given by Eqs. (4), (5) . Employing
Eqs. (A2)-(A4) we get
where the logarithmic term is given by the first term of the integrand in Eq. (A4). The first term in the square brackets in Eq. (A13) is proportional to 1/R. Accordingly, for the case when the electron state n coincides with the electron d 2 the matrix element I u 1 nd 1 d 2 reads
Consider also the asymptotics of the photon emission matrix elements A ud given by Eq.
(32). We assume that all the electron wave functions are normalized to unity over the sphere of radius R. If the both electrons (d and u) describe the bound electrons then the matrix element A ud does not depend on R
If one of the electrons (d or u) corresponds to the bound electrons and the other one to the continuum electron then
If the both electrons describe the continuum electrons, then
the direction of the momentum. We consider the following integral (see Eqs. (29), (21))
The one-electron wave functions with certain momentum and polarization can be expanded in series over the wave functions with certain total angular momentum and parity. Employing
Eq. (16) we get
The coefficients a pµp,εjlm can be written as Eqs. (18), (17) . The integration over energies
Kk (m 3 m 4 ) .
Here, we introduced the 3j-symbols, 6j-symbols [16] and Π(j 1 , j 2 , . . . , j n ) = 2j 1 + 1 2j 2 + 1 . . . 2j n + 1 . 
where N = 1/2 for equivalent electrons and N = 1/ √ 2 for non-equivalent electrons; n = (jlm). Here, we introduced coefficients 
